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Abstract— In this brief, concurrent learning (CL)-based
full- and reduced-order observers for a perspective dynamical
system (PDS) are developed. The PDS is a widely used model for
estimating the depth of a feature point from a sequence of camera
images. Building on the current progress of CL for parameter
estimation in adaptive control, state observers are developed for
the PDS model where the inverse depth appears as a time-varying
parameter in the dynamics. The data recorded over a sliding
time window in the near past are used in the CL term to design
the full- and reduced-order state observers. A Lyapunov-based
stability analysis is carried out to prove the uniformly ultimately
bounded (UUB) stability of the developed observers. Simulation
results are presented to validate the accuracy and convergence
of the developed observers in terms of convergence time, root
mean square error (RMSE), and mean absolute percentage error
(MAPE) metrics. Real-world depth estimation experiments are
performed to demonstrate the performance of the observers using
the aforementioned metrics on a 7-DoF manipulator with an
eye-in-hand configuration.

Index Terms— Concurrent learning (CL), depth estimation,
reduced-order observer design, visual servo control.

I. INTRODUCTION

ESTIMATING the 3-D coordinates of feature points using
observations from a sequence of camera images is

referred to as the Structure from Motion (SfM) problem in
computer vision literature. The 3-D coordinates of feature
points can be estimated by estimating the depth of the features.
The estimated 3-D coordinates of feature points or structure
information can be used in a variety of automatic control,
autonomy, and intelligent control applications. Existing solu-
tions to this problem include off-line [1] and online [2]–[16]
methods. The focus of this brief is on online methods where
the problem is formulated as a state estimation problem of
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a perspective dynamical system (PDS). The PDS is a class
of nonlinear systems that use inverse depth parameterization,
which is widely used in observer-based methods, and simul-
taneous localization and mapping (SLAM) [17].

Online methods often rely on the use of an extended Kalman
filter (EKF) [5], [6]. In comparison to EKF-based approaches,
nonlinear observers are developed for SfM with analytical
proofs of stability. Under the assumption that the camera
motion is known, continuous and discontinuous observers are
developed to estimate the depth, which can then be used to
estimate the range to the object. A high-gain observer called
the identifier-based observer is presented for range estimation
in [7]. A semiglobally asymptotically stable reduced-order
observer is presented in [8] to estimate the range based
on immersion and invariance (I&I) methodology, which is
extended to the range and orientation identification observer
design in [18]. A continuous observer, which guarantees
asymptotic range estimation, is presented in [16] under the
assumption that camera motion is known. In [9], an asymp-
totically converging nonlinear observer is developed based on
Lyapunov’s indirect method. In [10], a discontinuous sliding-
mode observer is developed, which guarantees exponential
convergence of the estimation error. In [11], a nonlinear
observer is developed that achieves local exponential conver-
gence of estimation error. A range observer design based on
nonlinear contraction and synchronization theory is presented
in [19]. In [4], a globally exponentially stable observer is
designed for the PDS. Extensions of these observers for PDS
with moving objects are presented in [20] and [21]. All these
observers require persistence of excitation (PE) condition to
be satisfied by the camera motion to achieve the convergence
of the estimation error.

Drawing parallels to the adaptive control design, in the
PDS, the inverse depth appears as a parameter where the para-
meter is time-varying with known dynamics associated with
it. Concurrent learning (CL) is used in adaptive control for
parameter estimation, where the knowledge of past trajectory
memory data is leveraged to estimate the constant parameter
and achieve state tracking [22], [23]. CL has also been used
for target tracking applications in [24] and for target size
estimation in [25]. The use of CL relaxes the PE condition to a
finite excitation condition, which depends upon the rank of the
regressor matrix [22]. Recently, in [26], adaptive controllers
with memory-augmentation are also designed.

Full- and reduced-order depth observers are designed in
this brief that builds on the work in [4] by adding CL-terms.
The observer design guarantees the boundedness of the depth
estimation error even when the PE condition is not satisfied
by the camera motion in a time window given that finite
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excitation is present. The observer can be used to estimate
the feature point depth to the desired accuracy. Two cases
are analyzed for the convergence and stability of the observer
design. The first case is when the camera motions satisfy
the PE condition, and the second case is when the camera
motions do not satisfy the PE condition. A Lyapunov stability
analysis is carried out for the switched observer error system
(i.e., when PE is satisfied and when it is not) using multiple
Lyapunov functions [27]. Although, compared with the exist-
ing depth/range observers in the literature, the observers in this
brief cannot achieve asymptotic or exponential depth estima-
tion convergence, the observers can achieve finite estimation
errors in practical scenarios when the existing observers may
not yield finite estimation error. Practical examples include the
motion of the camera along the projected ray while grasping
an object or when an aerial robot is moving in the direction of
camera view during landing and takeoff or robots moving in
the direction of view while docking. For these cases, the cam-
era motion will not satisfy the PE condition for a certain time
window. Compared with the recent work in [28] and [29],
rigorous stability analysis and detailed simulation and experi-
mental evaluations are presented in this brief. A history stack
update procedure based on the Lyapunov analysis, which
stores the camera motion and feature point data, is presented.
The results of a performance evaluation of the CL-based full-
order and reduced-order observers with a benchmark observer
are presented using real-world experiments conducted on a
camera mounted on the hand of a 7-DoF Baxter robot. For
brevity, only the stability analysis proofs of the reduced-order
observer are shown in the Appendix. The stability analysis
proofs of the full-order observer are given in [30].

II. PERSPECTIVE CAMERA MOTION MODEL

The motion of a perspective camera capturing a scene results
in the change of image plane coordinates of a feature point
belonging to a static object. Let m̄(t) = [X (t)Y (t)Z(t)]T ∈ R

3

and mn(t) = [(X (t)/Z(t)) (Y (t)/Z(t)) 1] ∈ R
3 be the Euclid-

ean and normalized Euclidean coordinates of a feature point
belonging to a static object captured by a moving camera in the
camera reference frame with known camera velocities. To esti-
mate the depth, define an auxiliary vector [x(t)y(t)χ(t)]T ∈ Y
such that Y ⊂ R

3 is a closed and bounded set where
x(t) = (X (t)/Z(t)), y(t) = (Y (t)/Z(t)), χ(t) = (1/Z(t)).
Let s(t) = [x(t) y(t)]T be the state associated with an image
plane feature point with two components and χ(t) be the
inverse depth of the feature point.

Remark 1: The state variables x(t) and y(t) are image
plane coordinates of a feature point whose pixel coordinates
are bounded by the resolution of the camera. As a result,
the state variables x(t) and y(t) are bounded by known
constants x ≤ x(t) ≤ x and y ≤ y(t) ≤ y. The Euclidean
distance Z(t) between the camera and the feature point
can be lower bounded by the focal length of the camera
λ measured in meters and is not assumed to be upper
bounded. Therefore, the inverse depth χ(t) can be upper and
lower bounded as in [4] and [11] using the known constants
0 < y3 < χ(t) ≤ (1/λ).

Assumption 1: The depth of the feature point Z(t) is
invertible in the compact set Y .

The feature point dynamics can be written as a function of
the linear and angular velocities as

ṡ = fm(s, ω) + �T (s, v)χ (1)

χ̇ = fu(s, χ, u) (2)

where v(t) = [vX (t) vY (t) vZ (t)]T ∈ V and ω(t) = [ωX (t)
ωY (t) ωZ (t)]T ∈ W are the linear velocities in (m/s) and the
angular velocities in (rad/s) of the camera in the body frame,
and u(t) = [vT (t) ωT (t)]T . The sets V and W are bounded
such that V ⊂ R

3 and W ⊂ R
3. In (1), fm(s, ω) ∈ R

2 and
�(s, v) ∈ R

1×2 are functions of measurable quantities. The
state derivative ṡ(t) ∈ R

2 is not measurable and can only be
estimated. The time argument is dropped in the rest of this
brief for ease of notation unless stated. Individually, fm(s, ω),
�(s, v), and fu(s, χ, u) are defined as

fm(s, ω) =
[

xy − (
1 + x2

)
y

1 + y2 − xy − x

]
ω

�(s, v) = [
xvZ − vx yvZ − vY

]
fu(s, χ, u) = vZ χ2 + (yωX − xωY )χ. (3)

Problem Definition: Given the measurements of feature
points in the image plane s(t), the linear and angular velocities
of the camera u(t), and the linear acceleration of the camera
v̇(t) in the camera reference frame, it is desired to estimate
the inverse depth of the feature point χ(t) using the dynamics
in (1) and (2). To this end, full-order and reduced-order depth
observers are designed in Sections III and V using CL.

Assumption 2: The camera velocities are bounded, and the
linear velocities are C1 with respect to time.

III. CL-BASED FULL-ORDER OBSERVER

The depth estimation schemes in the existing literature
require a strong observability condition called the PE con-
dition, and the estimation error converges to zero only if the
PE condition is satisfied. The PE condition is satisfied if there
exist constants T0, ρ ∈ R

+ such that
∫ t+T0

t
�(s(τ ), v(τ ))�T (s(τ ), v(τ ))dτ ≥ ρ > 0 ∀t > t0.

(4)

CL-based parameter estimation techniques use a history stack
of recorded data generated by the dynamical system to make
updates to the parameter estimation scheme. CL is based
on the premise that, even if the PE condition cannot be
guaranteed, input can be exciting over a finite interval of
time. For the full-order CL observer, the history stack is a
tuple H f = {( ˙̄s j , s j , u j )}M

j=1 containing the past data points
up to the index M − 1 chosen by the method proposed in
Section VII, where M is the index of the data point at the
current time instant. Let {t j }M−1

j=1 denote the corresponding
time instances at which the j th entry in the history stack
is recorded. Then, by the definition of the history stack,
˙̄s j := ˙̄s(t j ) and s j := s(t j ), u j := u(t j) ∀ j = 1, . . . , M − 1.
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Assumption 3: The term ˙̄s j is the approximation of ṡ j ,
computed numerically, such that ‖˙̄s − ṡ‖ < d̄ and d̄ ∈ [0,∞)
is an unknown constant.

The estimates of s and χ are denoted by ŝ and χ̂ , respec-
tively, and the state and depth estimation errors as z = χ − χ̂
and ξ = s − ŝ. Using the dynamics in (1) and (2), the observer
for estimating the state and the depth is designed as follows:

˙̂s = fm(s, ω) + �T (s, v)χ̂ + H ξ (5)

˙̂χ = fu(s, χ̂ , u) + 	�(s, v)ξ + KCL 	

M∑
j=1

�(s j , v j )

×( ˙̄s j − fm(s j , ω j ) − �T (s j , v j )χ̂) (6)

where H ∈ R
2×2 is positive-definite diagonal gain matrix, and

	 ∈ R
+ and KCL ∈ R

+ are suitable observer gains. Since
d j = ˙̄s j − ṡ j , the approximated state derivative term ˙̄s j is
substituted as ˙̄s j = fm(s j , ω j )+�T (s j , v j )χ j +d j to compute
the estimation error dynamics. Using the dynamics in (1) and
(2), observer equations in (5) and (6), adding and subtracting
KCL 	

∑M
j=1 �(s j , v j )�

T (s j , v j )χ , and grouping χ and χ̂ , the
estimation error dynamics can be written as

ξ̇ = −H ξ + �T (s, v)z

ż = −	�(s, v)ξ + g(s, z, u)

−KCL	

( M∑
j=1

�(s j , v j )d j

+
M∑

j=1

�(s j , v j )�
T (s j , v j )

(
z + χ j − χ

))
(7)

where g(s, z, u) = fu(s, χ, u) − fu(s, χ̂ , u).
Assumption 4: The history stack contains recent information

and the change in depth over a short period of time remains
bounded, i.e., ∃χ̄ ≥ 0 such that supt≥0 max j∈{1,...,M−1}‖χ j −
χ‖ ≤ χ̄ , where χ j = χ(t j ) and χ are the past and current
true depth values at the time instants t j and t such that
t > t j∀ j = 1, . . . , M − 1 for a suitably chosen value of M .

Remark 2: The main implication of Assumption 4 is that
the history stack should be frequently updated to contain
information about the current true depth from the past feature
point and camera motion data. In addition, the upper bound
χ̄ will be smaller if the object is not too close to the camera
and if the camera linear velocities are slow.

IV. STABILITY ANALYSIS FOR FULL-ORDER OBSERVER

Since the history stack is initialized with zeros, the stability
analysis is carried out in two phases: the initial phase when the
data are being collected in the history stack and the phase when
the history stack is fully populated with informative points.
In Theorem 1, it is shown that the estimation error dynamics
in (7) is uniformly ultimately bounded (UUB) when the PE
condition is satisfied and the history stack is incomplete.
In Theorem 2, it is shown that the estimation error dynamics
in (7) is UUB when the PE condition is not satisfied and the
history stack is complete. To facilitate the analysis, let ∃σ̄ > 0
such that supt≥0 max j∈{1,...,M} ‖�(s j , v j )�

T (s j , v j )‖ ≤ σ̄ and
σ1 = ∑M−1

j=1 �(s j , v j )�
T (s j , v j ) such that σ1 ∈ R≥0.

Definition 1: The history stack is defined to be incomplete
when the stack is not completely populated with informative
points such that σ1 ≥ 0.

Definition 2: The history stack is defined to be complete
when the history stack is completely populated with informa-
tive points such that σ1 > 0.

Theorem 1: When the history stack is incomplete, the error
system in (7) is UUB if Assumption 4 and the PE condition
in (4) are satisfied. Furthermore, the ultimate bound on the
estimation error is given by ((c2/c1))

1/2(γ1 KCL 	((M−1)σ̄ χ̄+
Md̄(σ̄ )1/2)/k2), where c1, c2, k2, γ1 are the positive constants.

Proof: Refer [30, Appendix A].
Theorem 2: When the history stack is complete, the error

system in (7) is UUB if Assumption 4 is satisfied, the PE
condition in (4) is not satisfied, and the adjustable observer
gain is selected according to the sufficient condition: KCL >
(Lg/σ1	). Furthermore, the ultimate bound on the esti-
mation error is given by ((c4/c3))

1/2(KCL ((M − 1)σ̄ χ̄ +
Md̄(σ̄ )1/2)/(2k3α1)

1/2), where c3, c4, k3, and α1 are the posi-
tive constants.

Proof: Refer [30 Appendix B].

V. CL-BASED REDUCED-ORDER OBSERVER

For the reduced-order CL observer, the history stack is a
tuple Hr = {(s j , u j , v̇ j )}M

j=1 containing the past data points
up to the index M − 1, and M is the index of the data point
at the current time instant. The reduced-order depth observer
is defined as

χ̂(t) = κ(s, χ̂ , u, v̇) + γ (s, v) (8)

where

κ̇ = fu(s, χ̂ , u) + K̄
M∑

j=1

(
θT

j v̇ j − �(s j , v j )
(

fm(s j , ω j )

+�T (s j , v j )χ̂
))

γ = −K̄
M∑

j=1

θT
j v j (9)

where θ j = [x j y j (−(x2
j + y2

j )/2)]T for j = 1, . . . , M . The
initial condition of the observer is selected as κ(t0) = κ0,
where κ0 > 0 is a constant.

VI. STABILITY ANALYSIS FOR

REDUCED-ORDER OBSERVER

Differentiating (8) and using (9), to obtain the dynamics of
χ̂(t) as

˙̂χ= fu(s, χ̂ , u)+K̄
M∑

j=1

�
(
s j , v j

)(̇
s j− fm(s j , ω j )−�T (s j , v j )χ̂

)
.

(10)

The error dynamics for the reduced-order observer can be
derived by using (3) and (10), substituting ṡ j from (1), adding
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and subtracting K̄
∑M

j=1 �(s j , v j )�
T (s j , v j )χ , and grouping

χ and χ̂ as

ż= −K̄

⎛
⎝ M∑

j=1

�(s j , v j )�
T (s j , v j )

(
z+χ j−χ

)⎞⎠+ g(s, z, u) (11)

where g(s, z, u) = fu(s, χ, u) − fu(s, χ̂ , u). The stability
analysis of the reduced-order CL-based observer is carried
out in two phases: the initial phase when the data are being
collected in the history stack and the phase when the history
stack is fully populated with informative points. In Theorem 3,
it is shown that the estimation error dynamics in (11) is UUB
when the PE condition is satisfied and the history stack is
incomplete. In Theorem 4, it is shown that the estimation error
dynamics in (11) is UUB when the PE condition is not satisfied
and the history stack is complete.

Theorem 3: When the history stack is incomplete, the error
system in (11) is UUB if Assumption 4 and the PE condition
in (4) are satisfied. Furthermore, the ultimate bound on the
estimation error is given by ((c6/c5))

1/2(γ2 K̄ σ̄ (M − 1)χ̄/k4),
where c5, c6, k4, and γ2 are the positive constants.

Proof: Refer Appendix A.
Theorem 4: When the history stack is complete, the error

system in (11) is UUB if Assumption 4 is satisfied, the PE
condition in (4) is not satisfied, and the observer gain is
selected according to the sufficient condition: K̄ > (Lg/σ1).
Furthermore, the ultimate bound on the estimation error is
given by (K̄ σ̄ (M − 1)χ̄/k5), where k5 is a positive constant.

Proof: Refer Appendix B .
Remark 3: For the full- and reduced-order observers,

the estimation error decreases exponentially to an ultimate
bound as t → ∞. The ultimate bound on the estimation error
can be made arbitrarily small by selecting appropriate gain
values H , 	, and KCL for the full-order observer, or K̄ for
the reduced-order observer, and the size of the history stack
M . The optimal observer gains may be efficiently computed by
solving a linear matrix inequality using incremental quadratic
constraints, as demonstrated in [31] and [32].

Remark 4: Old data can be replaced with new data in the
history stack even after the history stack is full as long as
σ1 is greater than zero. Using the procedure in Section VII,
σ1 always stays positive even after the old points are replaced
from the full history stack. Hence, the upper bound on the
derivative of the Lyapunov functions for the full- and reduced-
order observers holds at any given time after the history stack
is full. Thus, the ultimate bound on the switched systems can
be derived from the analysis of multiple Lyapunov functions,
as demonstrated in [27, Th. 3.1].

Remark 5: The ultimate bound on the estimation error
increases linearly with χ̄ , as defined in Assumption 4. As a
result, if the history stack contains old points with previous
values, the ultimate bound on the estimation error will grow
linearly with χ̄ . Hence, it is essential for the history stack to be
updated frequently to avoid the growth of the ultimate bound.
Based on the presented analysis, the procedure in Section VII
is designed to frequently update the history stack and ensure
that σ1 stays greater than zero.

VII. HISTORY STACK UPDATE

From the analysis in Sections IV and VI, a procedure is
designed in this section to ensure that the ultimate bound
on the error is small and that σ1 stays positive. Auxiliary
stacks G f = {( ˙̄s j,s j , u j )}N

j=1 for the full-order observer and
Gr = {(s j , u j , v̇ j )}N

j=1 for the reduced-order observer, such
that N > M , are used to select informative points. The
auxiliary stack is a dynamic sliding window of the N most
recent points. In each iteration, M −1 most informative points
are selected from the auxiliary stack to replace the M − 1
points in the history stack. The history stack and auxiliary
stack are both initialized with zeros. At each time instance,
the auxiliary stack is sorted in descending order based on the
value of �(s j , v j )�

T (s j , v j )∀ j = 1, . . . , N to select the top
M − 1 points. The points in the history stack are replaced
only if the chosen M−1 points from the auxiliary stack satisfy
{∑M−1

j=1 ��T }G ≥ ε for a suitably chosen constant ε > 0. This
ensures that the value of σ1 does not drop below ε, and the
upper bound on the derivative of the Lyapunov functions for
the full- and reduced-order observer holds at all times after the
history stack is full. The choice of ε is critical as it maintains a
balance between frequently updating the stack (thus, keeping
the ultimate bound small) and ensuring that σ1 remains greater
than zero.

VIII. SIMULATION RESULTS

A. Simulation 1

A simulation is performed using a simulated feature point to
verify the performance of the CL full-order observer designed
in Section III. An initial point with the Euclidean coordinates
m̄(t0) = [2.5 0.5 3]T is selected. In this simulation, the linear
velocities are designed as v = [0.3, 0.2, cos(π t/4)−0.3]T and
ω = [0, −(π/30), 0]T . Additive white Gaussian noise with
a signal-to-noise ratio (SNR) of 40 dB is added to the state,
and the velocity measurements are corrupted with a Gaussian
distributed measurement noise with zero mean and variance
of 0.01. The CL full-order observer gain values used for the
simulation are KCL = 0.15, 	 = 5, and H = diag{10, 10}.
The initial values for the state estimate and inverse depth
estimate are selected as ŝ(t0) = [10, 5]T and χ̂(t0) = 3. The
history stack and the auxiliary stack are initialized with three
points and five points, respectively. The CL full-order observer
converges to the true depth in 4.7 s compared with the observer
in [2], which converges in 5.3 s, as shown in Fig. 1(a). The
yellow dashed lines in Fig. 1(a) show the noisy performance of
the least-squares (LS) depth estimation based on the formula
χ̂L S = (�T (s, v))†( ˙̄s − fm(s, ω)). A simple LS estimation is
not a good solution to the depth estimation problem due to the
measurement noise and the singular value of �. The accuracy
for the CL observer, batch LS estimator, and the observer in [2]
is reported for 500 Monte Carlo runs of a 50-s simulation.
Initial conditions are sampled from a normal distribution
centered around ŝ(t0) = [10, 5]T and χ̂(t0) = 3. The CL
full-order observer achieves steady-state root mean square
error (RMSE) of 0.046 m and mean absolute percentage error
(MAPE) of 1.83%. The LS estimation achieves RMSE of
1.05 m and MAPE of 23.18%. The observer in [2] achieves
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Fig. 1. (a) Comparison between the actual depth and estimated depth over
a period of 50 s. (b) Comparison between the actual and estimated state
values. (c) Error between the true and the estimated depth. (d) Evolution of
�(s, v)�T (s, v) for the simulated velocities and described initial conditions.

RMSE of 0.024 m and MAPE of 1.05% when the gains are
set to � = 9, H = diag{10, 10}, and Q = diag{4, 4}.

B. Simulation 2

In this simulation, the PE condition is violated between
31 and 38 s. An initial point with the Euclidean coordinates
m̄(t0) = [1, 1, 1]T is used to generate the trajectories using the
velocities in simulation 1 from 0 to 31 and 38 to 50 s. The
linear velocities are chosen to satisfy �(s, v)�T (s, v) = 0
at each time instant during the period 31 s − 38 s, such
that vX (t) = x(t)vZ (t), vY (t) = y(t)vZ (t) with vZ (t) =
0.1 cos(π t/4)m/s and ω = [0, 0, 0] rad/s. Additive white
Gaussian noise with SNR 20 dB is added to the pixel mea-
surements, and the Gaussian distributed noise with zero mean
and variance 0.01 is added to the velocity measurements. The
numerically approximated value of the PE between 31 and

38 s is
∫ 38

31 �(s(τ ), v(τ ))�T (s(τ ), v(τ ))dτ = 7.83×10−4. The
history stack is chosen to hold 120 points, and the auxiliary
stack is chosen to hold 150 points. The observer is initialized
at ŝ(t0) = [1, 1]T and χ̂(t0) = 0.08. The gain K̄ for the
reduced-order observer is set to 2 × 10−3. From Fig. 2(b),
the CL reduced-order observer error exponentially converges
to an ultimate bound at 35.9 s, during the period when the
PE condition is violated. The value of σ1 always remains
greater than zero once the history stack is full and does not
drop below ε. The value of ε is chosen to be 20, and to
maintain this value, the history stack is not updated between
7–16 s and 34–40 s, as shown in Fig. 2(c). The steady-state
RMSE achieved is 0.129 m, and the steady-state MAPE
achieved is 3.61%. Fig. 2(d) shows the comparison of the
CL full-order observer presented in Section III with the CL
reduced-order observer when the state measurements are noisy.

IX. EXPERIMENTS

A. Experimental Platform

The camera in the wrist of the right arm of a Baxter research
robot is used to capture images containing the feature point at

Fig. 2. (a) Comparison of true versus estimated depth using the reduced-
order observer. (b) Depth estimation error for the reduced-order observer.
(c) Evolution of �(s, v)�T (s, v) with time showing the PE violation from
t = 31–38 s. (d) Comparison between the reduced-order integrated observer
and the CL observer for different gain values in the presence of 20-dB noise.

a rate of 30 frames/s with resolution 640×400. The centroid of
white circle is used as a feature point. The processing of the
images and depth estimation is done in MATLAB 2019a at
30 frames/s using a desktop with an Intel Core2Duo CPU
with a clock speed of 2.26 GHz and 4-GB RAM running
Ubuntu 14.04. The camera intrinsics for Baxter’s right hand
camera obtained through the Baxter API and Robot Operating
System (ROS) are given by fx = fy = 407.1, cx = 323.4, and
cy = 205.6, where (cx, cy) represents the camera center pixel.
The ground-truth depth for comparing the results is obtained
using simple pose transformations.

B. Results

The experiment is done for 16 s, wherein the camera is
stationary for the first 1.5 s. After 1.5 s, the camera starts
moving in a circular motion in the XY plane up to 5.5 s. After
5.5 s, the camera moves downward along the Z -direction and
back for time up to 10 s. The motion from 10–15 s is circular
in the XY plane followed by a downward motion along the
Z -direction. The estimated depth by full- and reduced-order
observers and the observer in [2] is shown in Fig. 3(a). The
observers are initialized with initial conditions ŝ(t0) = [1, 1]T

and χ̂(t0) = 2.5. The depth estimation error exponentially con-
verges to an ultimate bound, as shown in Fig. 3(c). The camera
moves in the XY plane from 1.5 s − 5.5 s, and the value of∫ 5.5

1.5 �(s(τ ), v(τ ))�T (s(τ ), v(τ ))dτ = 4.12×10−2 is approx-
imated numerically using trapezoidal rule of integration.

When PE is violated
∫ 10

6 �(s(τ ), v(τ ))�T (s(τ ), v(τ ))dτ =
2.15 × 10−3, the violation of the PE condition is achieved by
moving the camera along the Z -direction when the feature
point is near the center of the image implying that s ≈ 0. The
value of the estimated image plane feature point coordinates
by the observer in (5) compared with the true values is
shown in Fig. 3(b). The value of the constant is chosen
as ε = 0.03 and σ1 ≥ ε, as shown in Fig. 3(c), even
when PE is not satisfied. The full-order observer converges in
4.7 s and achieves RMSE of 0.016 m and MAPE of 6.55%.
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Fig. 3. (a) Comparison of true depth versus estimated depth using the
full- and reduced-order observers. (b) Comparison between the actual and
estimated state values using full-order observer. (c) Depth estimation error
for the full- and reduced-order observers. (d) Evolution of �(s, v)�T (s, v)
and

∑M
j=1 �(s j , v j )�

T (s j , v j ) with time.

The reduced-order observer converges in 4.7 s and achieves
RMSE of 0.015 m and MAPE of 6.28%. The estimation error
keeps decreasing in the first 6 s for the observer in [2] when
the camera motion is informative. However, the observer does
not converge after 6 s when the motion is not informative.
The observer in [2] achieves RMSE of 0.046 m and MAPE of
26.11% when the gains are set to � = 60, H = diag{30, 30},
and Q = diag{6, 6}.

X. CONCLUSION

The CL-based full- and reduced-order nonlinear observers
are presented for estimating the depth of a stationary feature
point in an image using a moving camera. The estimation
errors for the full-order observer and reduced-order observer
are shown to be UUB. An analytical expression is derived for
the ultimate bound on the error for the presented observers.
Based on the stability analyses, a procedure to update the his-
tory stack is designed which ensures convergence of the error
states and frequent updates of the history stack used for CL.
The developed observers are verified through numerical simu-
lations and are successfully tested in real-world experiments on
a Baxter research robot when PE is violated and the camera
motions are not informative. Despite the promising results,
the choice of the sizes of the history and auxiliary stacks,
the observer gains, and ε is purely empirical. The optimal
choice of these parameters is a topic for the future. The depth
observer design for discrete-time systems will also be explored
as a part of future work.

APPENDIX

A. Proof of Theorem 3

In the subsequent development, the result of [4, Th. 2] is
used, which proves the existence of a candidate Lyapunov
function V (t, z) : [0,∞) × R → R

+, which can be upper
and lower bounded by c5‖z‖2 ≤ V (t, z) ≤ c6‖z‖2 such that
c5, c6 > 0 and satisfies ‖(∂V/∂z)‖ ≤ γ2‖z‖. The derivative

of the Lyapunov function guarantees the exponential stability
of the estimation error dynamics without the CL terms when
the PE condition in (4) is satisfied. When the stack is incom-
plete,

∑M−1
j=1 �(s j , v j )�

T (s j , v j ) ≥ 0. Using the dynamics
in (11), Assumption 4, definition of the history stack, result
of [4, Th. 2], and completing the squares V̇ can be upper
bounded as

V̇ ≤ −k4

2
‖z‖2 + (γ2 K̄ σ̄ (M − 1)χ̄)2

2k4

≤ − k4

2c6
V + (γ2 K̄ σ̄ (M − 1)χ̄ )2

2k4
(12)

where k4 > 0. Using the comparison [33, Lemma 3.4],
the bound on the estimation error ‖z(t)‖ when the history
stack is incomplete can be given as

‖z(t)‖
≤

√
c6

c5

(
‖z(t0)‖2e− k4

2c6
(t−t0)+β2

3

(
1−e− k4

2c6
(t−t0)

))
(13)

where

β3 = γ2 K̄ σ̄ (M − 1)χ̄

k4

yields an ultimate bound on estimation error ‖z(t)‖ according
to [33, Th. 4.18]. The error ‖z(t)‖ is UUB with an ultimate
bound ((c6/c5))

1/2β3.

B. Proof of Theorem 4

Consider the candidate Lyapunov function V (z) : R → R
+

such that V (z) = 1/2zT z. When the history stack is complete∑M−1
j=1 �(s j , v j )�

T (s j , v j ) > 0, PE is not satisfied, using the
Lipschitz continuity of g(·), considering the gain condition
K̄ > (Lg/σ1) to be satisfied and completing the squares, V̇
can be upper bounded as

V̇ ≤ −k5

2
‖z‖2 + (K̄ σ̄ (M − 1)χ̄)2

2k5

≤ −k5V + (K̄ σ̄ (M − 1)χ̄)2

2k5
. (14)

Using the comparison [33, Lemma 3.4], the bound on the
estimation error ‖z(t)‖ when the history stack is complete
can be given as

‖z(t)‖ ≤
√

‖z(t0)‖2e−k5(t−t0) + β2
4

(
1 − e−k5(t−t0)

)
(15)

where k5 = (K̄σ1 − Lg) and β4 = (K̄ σ̄ (M − 1)χ̄/k5). Using
(14) and invoking [33, Th. 4.18], the depth error ‖z(t)‖ is
UUB with an ultimate bound β4.
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